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|_ecture 3 Recap



Neural Network

« Linearscore function f = Wx

plane car bird cat deer dog frog horse ship truck
|

On CIFAR-10

On ImageNet | Credit:
12DL: Prof. Dai Li/Karpathy/Johnson



Neural Network

_inear score function f = Wx

Neural network is a nesting of "functions’ (linear functions
with nonlinearities

— 2-layers f = W, max(0, Wx)

— 3-layers f = W5 max(0, W, max(0, W;x))

— 4-layers f = W4 tanh (W3, max(0, W, max(0, W;x)))

— 5-layers f = Wea(W 4 tanh(W 5, max(0, W, max(0, Wx))))

— . Up to hundreds of layers



2Dl Prof Dal

Neural Network

Qutput layer

Input layer
Hidden layer

Credit: Li/Karpathy/Johnson



Neural Network

Hidden Layer1 Hidden Layer2 Hidden Layer 3
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Activation Functions

Sigmoid a(x) = <1+2—x) ::/ Leaky @eL&J_ max(0.1x, x)

4
by 1 1
2F
1of [
/ 1 L —— 2
=10 s [

tanh: tanh(x)

Parametric Rel.U max(ax, x)

Maxout max(w!x + by, wlx + by)

Rel U max(0, x) x ifx>0

ELUf(x) = {a(ex —1) ifx<0




| 0ss Functions

« Measure the goodness of the predictions (or
equivalently, the network's performance)

* Regression loss
+ L1055 Ly, 9;0) = - X7ly; — 9ill,
» MSE loss Ly, 33 6) = - X7lly: — 9l

e Classification loss (for multi-class classification)
— Cross Entropy l0ss E(y, 35 0) = — Xieq Yke1Vik- 10g Dix)



Computational Graphs

« Neural network is a computational grapn
— [t has compute nodes O O

— |t has edges that connect nodes - =

— It is directional ' '

— Itis organized in layers ::Zt

12DL: Prof. Dal



Backprop



The Importance of Gradients

Our optimization schemes are based on computing

gradients
VoL (6)

One can compute gradients analytically but what If
our function is too complex?

SBreak down gradient computation Backpropagation

Done by many people before, but often credited to Rumelhart 19086

11



Backprop: Forward Pass

* f(ny'Z) = (X+y)'Z

nitlalizationx =1,y =-3,z=4

l2DL: Prof Dai



Backprop: Backward Pass

f,y,z2)=(x+y)- z
withx=1,y=-3,z=4

ad _ . ad _

d=x+Yy o ,5—1
— 4. of _ , 9f _
f=d-z 0a =% 3,74

< 9f of 9of -
wWhat Is 9%’ 3y’ 97

2DL: Prof. Dai



Backprop: Backward Pass

fx,y,2)=(x+y)- z
withx=1,y=-3,z=4

ad _ . ad _

d=x+Yy Py .5—1
4. of _, 9 _
f=d-z oa %oz ¢

- OF OF 9f 5
wWhat Is 9%’ 3y’ 97
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Backprop: Backward Pass

f(x,y,z) = (x+y) 4
withx=1,y=-3,z=4

ad _ . 9d _

d=x+Yy Pyl .5—1
_ . of _ |9f _
f=d-z a = Z|3; =4
af
9z
What is 2,9 9f 5

ox' oy’ oz

L Prof.



Backprop: Backward Pass

f(x,y,z) = (x+y) 4
withx=1,y=-3,z=4

ad _ . 9d _

d=x+Yy Pyl .5—1
of of
f=d-z 245, =4
What is 2L 9L 9f 5

ox' oy’ oz

L Prof.



Backprop: Backward Pass

f,y,z2)=(x+y)- z
withx=1,y=-3,z=4

ad ad

d=x+Yy a=1,£=1
of of

=d- -z — =z —=d

f od 0z Chain Rule: T:
af_af dd @

Whatisa—f,a—f,a—f? dy 0d 0y

0x 0y 0z af

-»—=4-1=4

rof Da dy B 17



Backprop: Backward Pass

f,y,z2)=(x+y)- z
withx=1,y=-3,z=4

ad ad

d=x+Yy a=1,£=1
— 4. of _ , 9f _
f=d-z 0a =% 3,74

< 9f of 9of -
wWhat Is 9%’ 3y’ 97




Compute Graphs -> Neural Networks

X INpUt variaples

Wi mn NEtwork weights (note 3 indices)
— L which layer

— m which neuron in layer

— n which weignt in neuron

y; computed output (i output diM; Nyt
y; ground truth targets
L loss function



Compute Graphs -> Neural Networks

Input layer Output layer
|

|
f 1 I 1

X0
v

e, class label/
regression target

Input Weights L2 Loss
(Unknowns!) function

l2DL: Prof Dai



Compute Graphs -> Neural Networks

t_l—\ [ . 1
\ J

Xo |
X1 Rel U Activation

INnput Weights  not arguing this L2 Loss
(UNkNownNs!) s the right choice here) function

Input layer Output layer
) L 0ss/
Cost

—
e.q. class label/ We want to compute gradients wrt all weights W

regression target

l2DL: Prof Dai 21



Compute Graphs -> Neural Networks

Input layer Output layer
|

| 1 | 1

We want to compute gradients wrt all weights W
12DL: Prof. Dai 22



A

Compute Graphs -> Neural Networks

Input layer Output layer

X0

N

Yo

yi=Ab;+ ) xwiy)
N

Activation bias
function

Goal We want to compute gradients of
the loss function L wrt all weights W

L—ZL

L sum over oss per sample, eg
L2 l0ss — simply sum up squares:

Li =@ —y)*
— Use chain rule to compute partials
oL JL 9y;
owix 0y 0wy

We want to compute gradients w.rt,
all welghts W all blases b



NNs as Computational Graphs

« \We canexpress any kind of functions in a

computational graph, eg. f(w,x) = -

1+e—(b+W0x0+W1X1)

Sigmoid function
1

1+e*

909

o(x) =

2D Prof. Dal



NNs as Computational Graphs

1
* f(w’ x) — 1+e—(b+W0x0+W1x1)

1;6_1;60'3‘@1'376 0.73

2D Prof. Dal



NNs as Computational Graphs

1

_ 1 ) 1
* fwx) = 14e~(b+twoxotwix1) 9x) = 3 a2
go(X) =a+x= %=1
— X 99 _
glx)=e = gx =e
_ 99 _
Jo(x) =ax = =
——— =053
1.37
1;6_1;60'3‘61'3760'73
—0.53 1
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NNs as Computational Graphs

1

* f(w’ x) = 1+e—(b+W0x0+W1x1)

1 ) 1
gx) = - = A a2
_ 99 _
JgoX)=a+x= =1
glx) =e* =>3—i=ex

_ 99 _
Jo(x) =ax = =

—0.53-1=-0.53

12DL: Prof. Dal

1;6— 1360'3‘61'3‘7

—0.53 —-0.53 1




NNs as Computational Graphs

1
— 1 6g 1
f(w,x) = 14+e~(b+twoxotwix1) 9x) =3 T x

9
JgaX)=a+x= a—i—l

F]
glx) =e* = ai = e*
_ 9g _
Jo(x) =ax = =

—0.53:-e71=-0.2

1 6—1 GO 3@1 3760 73

—0.2 —-0.53| —0.53

2D Prof. Da



NNs as Computational Graphs

1

f(w’ x) = 1+e—(b+W0x0+W1x1)

2D Prof. Dal

R

JgaX)=a+x= g—‘z—l

glx) =e* =>g-i=ex

Jo(x) = ax zz—i—a
—0.2-—-1=0.2

1 6 160 3@1 3760 73

—0.53 —-0.53

1




NNs as Computational Graphs

1

f(w’ x) = 1+e—(b+W0x0+W1x1)

go(X) =a+x=

9@ = -
g(x) =e*
go(x) = ax

1 G IGO 3@1 37@0 73

—0.53 —-0.53

1



TUTi

Gradient Descent



Gradient Descent

x* = argmin f(x)

nitialization

Optimum

2D Prof. Dal



Gradient Descent

o (Gradient - vector of partial derivatives

3 3 \Vector in direction of

fo(x) — (_g, .__,—g) greatest increase of
0x1 0%k the function

« Take steps in direction of negative gradient:
Vef (x) |

t+1

xH = xt —aV f(x") - x5y fOrt— oo

X

Learning rate

rof. Da X xOPt



Gradient Descent for Neural Networks

Hidden Layer1 Hidden Layer2 Hidden Layer 3
Input Layer
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Gradient Descent for Neural Networks

-or a given training parir {x, y}. we want to update all
welghts, 1.e., we need to compute the derivatives w.rt to
all weights

el t  nputlayer  Mdderlayers  Fiddognteyers  Hiddenlayers
Vw iy (W) = S -
af =
aVVLnLn- i;
Gradient step: |

v

W' =W — aViyfiy (W) ' [ Layers

l2DL: Prof Dai



NNs can Become Quite Complex.

« [hese graphs can be huge!

[Szegedy et al, CVPR'15] Going Deeper with Convolutions



The Flow of the Gradients

« Many many many many of these nodes form a
neural network

NEURONS

e Each one hasits own work to do
FORWARD AND BACKWARD PASS

2D Prof. Dal



The Flow of the Gradients

dL B dL 0z
X dx 0z 0dx
- 0z
-% [ z=f Ex, y)
= 0z -—
<LE) dy 3_2
y

Activation function



Gradient Descent for Neural Networks

| 0ss function
Li = (J; — y)*

output layer

input layer R
Vi =A(by; + z hiwy; ;)
j

hidden layer

Just simple:
L h] = A(bO,] + z kaO,j,k)
K

A(x) = max(0, x)



Gradient Descent for Neural Networks
Backpropagation

oL AL\ /9%,
owyi; \0Yi) \0wy;

output layer

input layer aLi ( )
hidden layer — = 2(P; — ;i
ayl ) 1 1
h] = A(bo’] + z kaO,j,k) oY = h,] >0, else o
awl,i,j

oL AL 8y, Oh
aWOJ’k 0571 Oh] aWO’j,k

Just go through layer by layer

R
Vi =A(by,; + Z hiwy ;i)
j

Li = (@; — y)*



Gradient Descent for Neural Networks

}VQ —x% How many unknown weights?
S
< W Olat I Output layer: 2 - 4 +

output layer .
input layer e Hidden Layer: -3+

hidden layer

h; = A(bgj + z XkWo,j k)
%

- #input channels +

. Note that some activations
Vi = Aby; + Z hjwy,i5) have also weights
J

Li = (@; —y)?



Derivatives of Cross Entropy Loss

Gradients of weights of last layer:

Q — oL |0L| [0¥; | 0s;

@ — Gwﬂ ayl Osi aW]l
e aL_—)’i_I_l—yi_ Vi — Vi
output layer ~1— A ~ A ~ N’
input layer 0Y; Vi 1= yQA-39)
hidden layer dy; _ _
Binary Cross Entropy loss 35, ! (1 -9,
Nout
~ ~ ds;
L=- z (vilog(F;) + (1 — y;) log(1 — ¥;)) 3 = h
i=11 Wii
Vi = =, Si= z hjwj; oL R oL
lte j = =Oi—ydh, ==Y = i
l

output scores Iwiji



Derivatives of Cross Entropy Loss

Gradients of welghts of first layer

Nout A~
dL _ dL ayl aSi

dL
E)Sjl

daL

1
Owy

&4 AL Bs;|oh
—i 0s; 0k ds}

N,

l

Nout

=1

dL

1
asj

1
aSj

1
oWy

dhj| £i09;9s; 0k

Nout Nout
dL

L. a—yif’i(l — Ywj; = ; @i — yidw;i

l

Nout

> @ = yowlhy (1= 1y))
i=1

Nout

z 3 — yidwj; (hj(l — hj))xk
i=1




Back to Compute Graphs & NNs

* Inputs x and targets y

o Two-layer NN for
regression with RelLU
activation

e Function we want to
optimize:

n
> llwymax(0,wyx;) = y;ll3
=1

12DL: Prof. Da



Gradient Descent for Neural Networks

nitializex =1, y =0,

_1 _
W1—§,W2—2

W[

~ 1 ~
L(y,5:0) =X 19 — il
iNnourcase n,d =1

~ oL ~
L=@@—-y)* =5 =20~

§=wy,0 =ZL=g Backpropagation
W2 oL _dL 9y
aWZ B 657 aWZ

12DL: Prof. Dal
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Gradient Descent for Neural Networks

nitializex =1, y =0, !

wy = %, Wy = 2 .

3
L(y,5;0) =~ 3719 — ¥il13
inourcase n,d =1
L=0@-y)? =[z=20-)
f=wy-0 60_\/131,2 — g EéaLckprgfagaa;ion
ow, 09 0w,
2.2

3

2D Prof. Da

VRN



Gradient Descent for Neural Networks

nitializex =1, y =0,

_1 _
W1—§,W2—2

~ 1 ~
L(y,5:0) =X 19 — il

iNnourcase n,d =1

G N
J=w,-0 ws = 0

2D Prof. Da

W[

Backpropagation
dL oL 0y

ow, 89 ow,

VRN



Gradient Descent for Neural Networks

nitializex =1, y =0,

_1 _
W1—§,W2—2

iNnourcasen,d =1
~ oL ~
L=@@—y)* =5 =20 -9

~ 2y _
Yy=Wy°0 = 5o Wy
o = max(0,z) = 2% = Lifx >0 Backpropagation
' 0z 0 else dL 9L 909y do 0z
9 - .2 .
Z=X-+W; :a—;l:x dw; 0y do 0z Jdw;

2D Prof. Dai



Gradient Descent for Neural Networks

nitializex =1, y =0,
wy = %, wy, =2

iNnourcasen,d =1
oL

— (5 — 2 9a S A
L=G -y =5=20-
~ _ N
y=Wz'0 90 V2
o = max(0,z) = 99 _ {1 ifx >0 Backpropagation
9z 0 else oL 0L 99 do 0z
0z = — - . .
Z=X-+W; =>a—wl=x dw; 0y do 0z Jdw;
2
2 '§

12DL: Prof. Da



Gradient Descent for Neural Networks

nitializex =1, y =0,

_1 _
W1—§,W2—2

inourcasen,d=1
A oL "
L=@F-y)?* =2-=20-)
vV — . :@—
y=Wz*0 90 V2
o = max(0,z) = 2% = {1 ifx >0 Backpropagation
9z 0 else oL 0L 99 do 0z
) =— . 2. .
Z=X-+W; =>a—;1=x dw; 0y do 0z Jdw;
2
2'§ ‘2

12DL: Prof. Dal

VRN



Gradient Descent for Neural Networks

nitializex =1, y =0,

_1 _
W1—§,W2—2

iNnourcasen,d =1
~ oL ~
L=@@—y)* =5 =20 -9

~ 2y _
Yy=Wy°0 ﬁan_—Wz
o = max(0,z) ={2Z = Lifx >0 Backpropagation
oz 0else oL 9L 09 8o Oz
Z=X-+W; =>ad—;1=x ow, 0y 0o 0z ow,
2.% |

2D Prof. Dal 51



Gradient Descent for Neural Networks

nitializex =1, y =0,
wy = %, wy, =2

iNnourcasen,d =1
~ oL ~
L=@@—y)* =5 =20 -9

~

oy

y=w,-0 === Wy
o = max(0,z) = 2% = {1 ifx >0 Backpropagation

- 0else oL 9L 09 8o Oz
Z=X-+W; =>a—;1=x ow, 0y 0o 0z ow,

2.% .2 .1 -1

12DL: Prof. Dai 52



Gradient Descent for Neural Networks

e FuNnctionwe wantto 1
optimize:

1

3

FOow) = ) llwymax(0,wyx) — y;ll3 o
i=1 3

« Computed gradients wrt
to welgnts wyand wy,
« Now: update the weignts

wo=w— a Tuf = ()= a: (Vw1f> But: how to choose a
2 V. f good learning rate a ?

12DL: Prof. Dal



Gradient Descent

How to pick good learning rate”
How to compute gradient for single training pair?
How to compute gradient for large training set?

How to speed things up? More to see in next
lectures..



Regularization



Recap: Basic Recipe for ML

« Split your data

00% 207% 20%

train validation

\ )
I

-Iind your hyperparameters

Other splits are also possible (e.g., 80%/10%/10%)



A
X
X0

X
X

o
o

=X O
X o

0.X

Over- and Underfitting

XQ x

L

Underfitted

12DL: Prof. Dal

Appropriate

"
..............

........

Overfitted

source: Deep Learning by Adam Gibson, Josh Patterson, O'Reily Media Inc., 2017



Over- and Underfitting

ML Engineers looking at their classification
model running on the test set.

Underﬁttehd Overfitted

by Media Inc., 2017




Training a Neural Network

e [raining/ Validation curve

Error

.( HOW can we

Qﬁgh
\

— - Traig Orevent our model
Underfitting zone| Overfitting zone Gene

from overfitting?

Training error | Generalization

gap 1S OO bg’/’/

—

b J—

—_—
T - — — — — — — — —

\,

~\

J

Regularization

Generalization gap

0

Optimal Capacity
Capacity

Credits: Deep Learning. Goodfellow et al.



Regularization

e Add constraints or penalties that push network to
learn simpler, more robust patterns

— Try to avoid overfitting to noise

Impact of Regularization

1 1 1 [ | Il 1
Wiil:fmutlﬁagl.lllaﬁ:étion H:I'im I-'aa-gul-;rizat;un
(Overfit) (Good fit)

rof Da https.//www.analyticsvidnya.com/blog/2021/11/study-of-regularization-techniques-of-linear-model-and-its-roles/



Regularization
« Lossfunction L(y,y,0) = X 1(9; — v;)* - AR(0)

« Regularization technigues
— L2 regularization | Add regularization
— L1 regularization term to loss function
— Max norm regularization
— Dropout
— Early stopping



Regularization
« Lossfunction L(y,y,0) = X 1(9; — v;)* - AR(0)

« Regularization technigues
— L2 regularization | Add regularization
— L1 regularization term to loss function
— Max norm regularization
— Dropout
— Early stopping

More detalls later



Regularization: Example

nput 3 features x =[1, 2, 1]

Two linear classifiers that give the same result

6, =10,0.75,0] — Ignores 2 features

6, = [0.25,0.5,0.25] —— Tlakes information
from all features



Regularization: Example

~ 2
» Loss L(,3,0) = X (%6 — yi) |+ AR(6)

n
o [ 2regularization R(O) = 2912
=1

R(6,) = 0+ 0.75% + 0 = 0.5625

R(6,) = 0.252 + 0.5% + 0.252 =[0.375

Minimization

x = [1,2,1],6; = [0,0.75,0],6, = [0.25,0.5,0.25]



Regularization: Example

~ 2
» Loss L(,3,0) = X (%6 — yi) |+ AR(6)

n
« [1regularization R(B) = z 10; |
i=1
R(68;) = 0+ 0.75 4+ 0 =|0.75| Minimization
R(6,) = 0.25+ 0.5+ 0.25 =1

x = [1,2,1],6; = [0,0.75,0],6, = [0.25,0.5,0.25]



Regularization: Example

nput 3 features x =[1, 2, 1]

Two linear classifiers that give the same result

6, =10,0.75,0] — Ignores 2 features

6, = [0.25,0.5,0.25] —— Tlakes information
from all features



Regularization:

nput 3 features x =[1, 2, 1]

-xample

Two linear classifiers that give the same result

9, = [0,0.75, 0]

9, = [0.25,0.5,0.25]

—

L1 regularization
enforces sparsity

L2 regularization
enforces that the weights
nave similar values



Regularization:

—ffect

« Dog classifier takes different inputs

~urry \

—as two eyes |-

Has a tall

Has paws 7

Has two ears

\J

12DL: Prof. Dal

L1 regularization
will focus all the
attentionto a

few key features



Regularization:

—ffect

« Dog classifier takes different inputs

12DL: Prof. Dal

~urry ~

—as two eyes

Has atall -

Has paws =

Has two ears

2 regularization
will take all
iNnformation into
account to make
decisions



Regularization for Neural Networks

Combining nodes n
Network output + L2-loss + lewzmax(O, wix;) — V;ll5 + AR (w,, w.)
regularization =

l2DL: Prof Dai



Regularization for Neural Networks

Combining nodes: I ’
w

Net\X/Ofk Qgtput + [ 2-loss + ZHWzmaX(O, wix;) = yills + 4 ” (Wl) ||

regularization i=1 o

l2DL: Prof Dai



Regularization for Neural Networks

Combining nodes n
Network output + L2-loss + leWzmaX(O, wyxy) — Vil + 2wl + wd)
regularization =

l2DL: Prof Dai



Regularization

Regularization = 0.00001 = 0.001

Decision
Boundary

Credit: University of Washington

What happens to the training error?

What Is the goal of regularization?

2DL: Prof Dal



Regularization

« Any strategy that aims to

ower Increasing
validation error training error

2D Prof. Dal



Next Lecture

e Thisweek:
— Check exercises!
— Check piazza / post questions ©

« Next lecture
— Optimization of Neural Networks
— In particular, introduction to SGD (our main metnhod!)



Further Reading

« Backpropagation
— Chapter6s5(G.51-053)IN
nttp.//www.deeplearningbook.org/contents/mip.ntml
— Chapter 5.3 In Bishop, Pattern Recognition and Machine Learning
— http.//cs231in github.io/optimization-2/

« Regularization

— Chapter 71(esp. 711 & 7.12)
Nttp://www.deeplearningbook.org/contents/reqularization ntml

— Chapter 55 in Bishop, Pattern Recognition and Machine Learning



http://www.deeplearningbook.org/contents/mlp.html
http://cs231n.github.io/optimization-2/
http://www.deeplearningbook.org/contents/regularization.html

