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_eclure © Recap



Learning Rate: Implications

e What If too hign?

o« \WhatIf too low?
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loss /
very |

high learning rate
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low learning rate

high learning rate

good learning rate

o
epoch
Source: http://cs231n.github.io/neural-networks-3/



http://cs231n.github.io/neural-networks-3/

Basic Recipe for Machine Learning
« Split your data

00% 20% 20%
frain validation fost
£ Ground truth %
¢ onm e s Bias (or underfitting)
ﬁ Training set error ... 5% 4 |
B Variance
X Val/testseterror ... 8% | (overfitting)
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TUTi

| ecture 7
| 0ss Functions and
Activations




What we have seen so far

Best practices
to obtain
good results

v/
Optimization v
| 0SS
\ I function

‘Modet parameters ‘ ) Cstimation

Data points L abels (ground truth)
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TUTi

Output and Loss
-unctions




Neural Networks

wWhat 1s the
shape of this
function?

|/

— | 0SS

—

output layer

input layer Prediction
hidden layer
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L1 Loss:

Regression Losses
e L2loss L% = ?zl(yi—f(xi))z

Lt =

n

i=1 Vi — f(x;)]
34132 | 5 2 341 32| 5 2
12311231 1231|1231
31164 5 | 13 310641 5 | 13

| ] \
| |
f(x;) Vi

training pairs [x;; v;]
(input and labels)

L*(x,y)=9+4+16+4+4+0+--+0 =33
L*(,y)=3+44+2+2+0+--+0=11



Regression Losses: L2 vs L1

e [ 2] OSss:
L* = Z(B’i — f(xi))z
=1

— Sum of squared
differences (55D)

— Prone to outliers

— Compute-efficient
optimization

e | 1L0ss:

L= Yy = f(x0)
=1

— Sum of absolute
differences

— Robust (cost of outliers is
inear)

— Costly to optimize



Binary Classification: Sigmoid

training palirs [x;; y;l 1
x; € RP,y; € {1,0} (> classes) p(yi = 11x;,0) = 0(s) =

1 + e~ Zd=0 fa%ia

Sigmold output can
oe interpreted as a
orobability

p(y; = 1|x;,0)
>

0<o(s)<1

Score of class 1
<yl- =1

Probability of class 1
<yi =1)

I2DL: Prof Da 1



Multiclass Classification: Softmax

training palrs [x;; y;l.
x; € RP,y, € {1,2...C} (C classes)

Xio welghts for class k
9k0 <yl — k>

p(y; = kl|x;, 0)

Score of class k Probability of class k
<yi = k) <yl = k)

12DL: Prof. Da 12



Multiclass Classification: Softmax

Weights for ~ Scores for Probabilities
each class  each class for each class

6,0, 04 S1,S9, S3

exi91

—> p(yi = 1]x;,0) = eXif1 4 eXxif2 4 oxi03

eXif2

Softmax = p@; = 21x;,0) =

exiel _|_ exiez _|_ exieg

eXif3

—> p(y; = 3[x;,0) = eXif1 4 exif2 4 oxi03




Multiclass Classification: Softmax

oXp training pairs [x;; y;l
o Softmax x; ERP,y; €{1,2..C}
o ) o5V; y; label (true class)
. x}@ p— — = =
P t Y _esk (Y¢_ exifk Parameters:
Probability of =1 =1 ®=1[640,..,0.
the true class normatlize e
C: number of classes

s score of the class

1. Exponential operation: make sure probability>0
2. Normalization: make sure probabilities sum up to 1.



Multiclass Classification: Softmax
* Numerical Stability

e>Vi e>yi Smax Try to prove it

= oy yourself ©
C —
Zk=1 esSk Zi':l eSSk~ Smax

p(y;lx;, 0) =

o Cross-Entropy Loss (Maximum Likelinood Estimate)
e>Vi
)

Zk e’k

L; = —log(p(yi|x; ©)) = —log(



—xample: Cross-Entropy Loss

Cross Entropy L; = — log(; :ik) Given a function with
_ " weights @. training pairs
Score function s = f(x;,0) [x;;v;] (input and labels)

ed. f(x;,0) = [xi0, X2, -, Xia] - [01,02, ..., 0]

0 = [b"] parameters for
‘ L Wi
Suppose: 3 training examples and 3 classes

each class with C classes

g cat 32
é chair 51
O car -1/

I2DL: Prof Da



Cross Entropy  L; = —log(

-xample: Cross-
5w
Score function s = f(x;,0)

ed. f(x;, 0) = [x;0, X2, -,

Suppose: 3 training examples and 3 classes

T a® Ay 2 = 3
< Y et e f
X Sy IV s
- Sl).
s e ;
=
"> 3
v
L J

xid] ’ [011 021 L) BC]

3.2
@ Cat 51
O chair 5 1 )
S 17
O car -1./ 2.@
Scores
| 0SS 2.04

I2DL: Prof Da

—Ntropy LoSS

Glven a function with
welghts @, training pairs
[x;; v;] Input and abels)

0) = [vl:,’;] oarameters for

cach class with € classes

exp normalize -log(x)
245 0.13 2.04

— 1064.0 |—1{ 0.87 » 014
0.18 0.00 0.04




—xample: Cross-Entropy Loss

Cross Entropy  L; = — log(; :Sik) CGiven a function with
| « welghts @, training pairs
Score function s = f(x;,0) [x;; ;] (input and labels)

eqg. f(x;, 0) = [x;0, X2, ..., Xig] - [01,02, ..., O]

Suppose: 3 training examples and 3 classes

> o —- r _ N
<z - relhes |
o3 B g
i c 9 —t—s )
- — ~To
=% /
Kot .
_Be i 3
Al
F »
- J
R

0) = [vl:,’;] oarameters for

cach class with € classes

z L1+L2+L3
N

g cat 32
g chair ol 2.04 + 0.079 + 6.156
O car -1/ 2.0 = 3 =
=2.76
| 0SS 2.04 0.079 0.156

12DL: Prof. Da



Hinge Loss (SVM Loss)

e Scorelunction s = f(x;,0)

— oq. f(x;,0) = x50, Xi2, .., Xig] * [01, 02, ..., O]

« Hinge Loss (Multiclass SVM Loss)

Li = z maX(O, S — S.Vi + 1)
k+y;



-xample: Hinge Loss (SVM Loss)

Multiclass SYM 1085 Ly = Ty, max(0, sy — sy, + 1) GIven afunction with

welights @, training pairs

Score function s = f(x;,0) [x;; v;] (input and labels)

Suppose: 3 training examples and 3 classes

SCOores

SHON f(xi) @) = [xileiZJ ---;xid] ’ [011 02; Ty’ HC] ek — [‘I:’k] param@terg for
k

cach class with € classes




-xample: Hinge Loss (SVM Loss)

Multiclass SUM 1085 Ly = Ty, max(0, sy — sy, + 1) Slven afunction with
welights @, training pairs

Score function s = f(x;,0) [x;; v;] (nput and labels)
€. f(xi' @) = [xiO'xiZJ "'ind] ) [011 03, ..., HC]

0, = [;I:;k] oarameters for
Suppose: 3 training examples and 3 classes k

cach class with € classes

= max(0,5.1—-32+1) +
max(0,—1.7 — 3.2+ 1)

= max(0, 2.9) + max(0, —3.9)

g cat =29+0
S chalr =2.9

O

O car

L Oss 29
I2DL: Prof Da



-xample: Hinge Loss (SVM Loss)

Multiclass SUM 1085 Ly = Ty, max(0, sy — sy, + 1) Slven afunction with
welights @, training pairs

Score function s = f(x;,0) [x;; v;] (nput and labels)
€. f(xi' @) = [xiO'xiZJ "'ind] ) [011 03, ..., HC]

0, = [;I:;k] oarameters for
Suppose: 3 training examples and 3 classes k

cach class with € classes

L, =max(0,1.3—-49+1) +
max(0,2.0 —49+ 1)
= max(0,—2.6) + max(0,—1.9)

chair
car

SCOores

L Oss 29 O
I2DL: Prof Da



-xample: Hinge Loss (SVM Loss)

Multiclass SUM 1085 Ly = Ty, max(0, sy — sy, + 1) Slven afunction with
welights @, training pairs

Score function s = f(x;,0) [x;; v;] (nput and labels)
€. f(xi' @) = [xiO'xiZJ "'ind] ) [011 03, ..., HC]

0, = [;I:;k] oarameters for
Suppose: 3 training examples and 3 classes k

cach class with € classes

L; =max(0,2.2—-(-3.1)+1)+
max(0,2.5 - (—=3.1) + 1)
= max(0, 6.3) + max(0, 6.6)

g cu S
S chair - e

O

O car

| OSS 29 0 12.9
I2DL: Prof Da



-xample: Hinge Loss (SVM Loss)

Multiclass SUM 1085 Ly = Ty, max(0, sy — sy, + 1) Slven afunction with
welights @, training pairs

Score function s = f(x;,0) [x;; v;] (nput and labels)
€. f(xi' @) = [xiO'xiZJ "'ind] ) [011 03, ..., HC]

0, = [;I:;k] oarameters for
Suppose: 3 training examples and 3 classes k

each class with € classes

[ = z L1+L2+L3
N

o cat 2940+ 129
o chair B 3
% car =5.3

| OSS 29 0 12.9

2DL: Prof. Da 24



o Cross kentropy Loss: L; = —log(

Vulticlass Classification:
Hinge vs Cross-Entropy

* Hinge Loss Ly = Ygzy, max(0,s, — sy, + 1)

2 eSk)



-xample: Hinge vs Cross-Entropy

Hinge Loss: Ly = Ygxy, max(0,s, — s, + 1)
e’Vi

Zk eSk)

Cross Entropy © L; = —log(

—or image x; (@ssume y; = 0):
Scores —Hinge loss: Cross Entropy loss:

Vodels  $=15,-3.2

Model 2 s =1[510,10]

Models s =[5,—20,—20]

I2DL: Prof Da



-xample: Hinge vs Cross-Entropy

Hinge Loss: L = Ygay, max(O Sk — Sy, + 1)

Cross entropy © L; = — log(Z esk)
—or image x; (@ssume y; = 0):
Scores Hinge loss: Cross Entropy loss:
=[5, —3,2 max(0,—3 —-5+1) +
Model 1 s=1 ] max(0,2—-5+1) =0
_ max(0,10 -5+ 1) +
Modelz s =1[510,10] max(0,10 — 5 + 1) =12

Model3 s =[5-20,—20] ~ max(0,—20—5+1)+
max(0,—20—-54+1) =0
Apparently Model 3 is better, but losses
show no difference between Model 1&3,
l2DL: Prof. Da since they all have same loss-0.



-xample: Hinge vs Cross-Entropy

Hinge Loss Ly = Ygay, max(0, sg — sy, + 1)

Cross entropy | L; = log(Zk esk)
—or image x; (@ssume y; = 0):
Scores Hinge loss: Cross Entropy loss:

=[5, —3,2 max(0,—-3—-5+1) + B 5 _
Modelr =1 ] max(0,2 — 5 +1) =0 In (G572 = 0.05

_ max(0,10 -5+ 1) +
Modelz s =1[5,10,10] max(0,10 -5+ 1) =12

5
Model s = [5,—20,—20 max(0,-20-5+1)+  —In e
s [ | max(0,-20 -5+1) =0  _, S‘f&fli"*e 20)

Model 3 has a clearly smaller loss now.



-xample: Hinge vs Cross-

-Ntropy

Hinge Loss: L = Ygay, max(O Sk — Sy, + 1)

Cross Entropy © L; = —log(

—or image x; (@ssume y; = 0):

Z eSk)

Scores —Hinge loss: Cross Entropy loss:
=[5, —3,2 max(0,—-3—-5+1) + B 5 _
Model 1 | ] max(0,2—-5+1) =0 In (e5+e3+e2) = 0.05
. max(0,10 -5+ 1) + o5
Modelz s =1510,10] max(0,10 -5+ 1) =12 In (e5+310+310

):5m

Model3 s =15,-20,—20] max(0,-20 -5 +1) +
max(0,—20—-5+1) =0

— Cross Entropy "always™ wants to
- Hinge Loss saturates.

5
~In (e5+e‘§°+e‘20)
=2x%10"1
improvel (loss never 0)



Loss iIn Compute Graph

¢ How do we combine loss functions with welight
regularization?

o How to optimize parameters of our Nnetworks
according to multiple losses?



Loss iIn Compute Graph

Regularization loss

0 ARZ(W) —1

1 Data loss
[, 8) —— ", B —1 1

nput | x Score
data function | 0SS | Full Loss
function
Lapels ||y

Want to find optimal 8. (weights are unknowns of
optimization proplem)

- Compute gradient w.rt. 6.

— Gradient VgL i1s computed via backpropagation

I2DL: Prof Da



Loss iIn Compute Graph

. Glven a function with weights @,
Score function s = f(x;,0) | Training pairs [x;; y;] (input and labels)

Data Loss

— Cross Entropy Ly = —log (;stik)

— SVM Ly = Ygzy, max(0, s, — sy, + 1)
Regularization Loss eq., L2-Reg. R*2(W) = X w?
“UlLoss L=<%N,L; + AR}(W)

—Ull Loss - Data Loss + Reg Loss



-xample: Regularization & SVM Loss

Multiclass SVM0sS Li= Ygzy, max(0, f(x;; 0), — f(x;;0),, + 1)

Ulloss  L==3N, Yyuy, max(0, f(x; 0) — f(x;;8),, + 1) + AR(W)

L1-Reg R* (W) = T, |w;]
L2-Reg R?(W) = Y7, w?

Example:

x=[1,1,1,1]" R*(wy) =1

w; = [1,0,0,0]" R?*(w,) = 0.25% + 0.25% + 0.25% + 0.252
w, = [0.25,0.25,0.25,0.25]" = 0.25

x'w, =xTw, =1 R*(W) =1+ 0.25 = 1.25



TUTi

Activation Functions



Neural Networks




Activation Functions or Hidden Units

Activation
Function




Sigmold Activation

1

o) = 1+ e~5

o(s); € (0,1)




Sigmold Activation

(s) = —
o) = 1+ e~
oL [0s\oL
ow \0w'ds
xl 7 J
0L 0dodL do dL

ds s do 0s do

°DL: Prof. Da



Sigmold Activation

1
1+ e—S

o(s) =

Saturated neurons
kill the gradient flow




Sigmold Activation

() = —
o) = 1+ e~5
dL  0s 0L
dw 0w 0s Active region for
gradient descent
dL 0o dL dL
= ——
ds 0dsdo do

12DL: Prof. Da



Sigmold Activation

1
1+ e

o(s) =

0.8 1

Output Is always positive

« Sigmolid output provides positive
iNnput for the next layer

What Is the disadvantage of this?

12DL: Prof. Da



Sigmoid Output not Zero-centered

« We want to compute the gradient w.rt the weignts

elther positive

or negative
| x1 >0
@ _laL ay @
“ |9y 9s| G
0
oL ay| fas\ 77
Assume we have all positive data: dw, |0y 0Os|'ow

x = (x1,%,)T>0

tis going to be either positive or negative for all weights' update @

12DL: Prof. Da



Sigmoid Output not Zero-centered

W)
allowed Wy, W, Can only be
ﬂ;‘ﬂfﬂ"t Nncreased or decreased
directions at the same time, which
| Wy 'S not good for update
zig zag path
allowed
gradient
update
directions
. That Is also why vou need
hypothetical ¢ d é yt
optimal w zero-centered data
vector
Source

http://cs231n.stanford.edu/slides/2017/cs231n_2017_lectureb pdf

I2DL: Prof Da


http://cs231n.stanford.edu/slides/2017/cs231n_2017_lecture6.pdf

TanH Activation

x Still saturates

./Zem—cemtered

T T T T . T T T T
-20 -15 -10 -05 0 0.5 1.0 1.5 2.0

—0.50 ~

—0.75 +

—1.00 ~

[LeCun et al. 1991 Improving Generalization Performance in Character Recognition

12DL: Prof. Da 44



Rectified Linear Units (RelLU)

o(x) = max(0, x)

Large and
consistent

gradients /

\4

./Fast convergence /Does Not saturate

[Krizhevsky et al. NeurlPS 2012] ImageNet Classification with Deep Convolutional Neural Networks
12DL: Prof. Da 45



Rectified Linear Units (RelLU)

X Dead Rel U
. Large and
What happens If a | consistent
~elU outputs zero? gradients /
./Fast convergence /Does Not saturate

[Krizhevsky et al. NeurlPS 2012] ImageNet Classification with Deep Convolutional Neural Networks
12Dl Prof Da r



Rectified Linear Units (RelLU)

« |nitializing RelLU neurons with slightly positive biases
(0.01) makes it likely that they stay active for most
INpULS

(5=



_eaky RelLU

o(x) = max(0.01x, x)

10 A

T T T T T T T
-10.0 -7 . —2.5 0/0 2.5 5.0 7.5 10.0

/ Does not die

[Mass et al., ICML 2013] Rectifier Nonlinearities Improve Neural Network Acoustic Models
I2DL: Prof Da 48



Parametric RelLU

o(x) = max(ax, x)

10 A
a4

6 -

One more parameter to 1
packprop iNto

2_

fal
T T T T T T T
-10.0 -7 . —2.5 0/0 2.5 5.0 7.5 10.0

/ Does not die

[He et al. ICCV 2015] Delving Deep into Rectifiers: Surpassing Human-Level Performance on ImageNet Classification
12DL: Prof. Da



Maxout Units

Maxout = max(w{ x + b, wl x + by)

max

(Goodfellow et al. ICML 20131 Maxout Networks

I2DL: Prof Da



Maxout Units

Rectifier Absolute value Quadratic

hi(x)

k=2 k=2 =5
Plecewise linear approximation of
a convex function with N pieces

(Goodfellow et al. ICML 2013] Maxout Networks

12DL: Prof



.-117' (T)

Maxout Units

Rectifier Absolute value Quadratic

k=2 k=2 =5
eneralization / Linear Does Not / Does Not
of Rel_Us regimes die saturate

X Increases of the number of oarameters



an

25

20

15

10

05

oo

12DL: P

—— Sgmoid

—— Tanh

— RelU

= | eaky RellU
Sash

N a Nutshell

f
— _._-_-_-_________________.—
3 2 -1 0 1 2

Linear Function

Step Function

Sigmoid Function

Hyperbolic
Tanjant Function

RelLU

Leaky RelLU

Swish Function

flx)=x
F={1orr=0
FG) = 06) = ———
F(x) = tanh(x) = %
@ =3 fore s

0.01 forx <0

feo ={

xforx=0

B=0forf(x)=x

f(x) =2xo(Bx) = — oo for f(x) = 2max (0, x)

Source : https.//towardsdatascience.com/comparison-of-activation-functions-for-deep-neural-networks-

0bac4284c8a

of Da

(_001 OO)

{0,1}
(0,1)
(_1, 1)

[0’ m)


https://towardsdatascience.com/comparison-of-activation-functions-for-deep-neural-networks-706ac4284c8a

Quick Guide

Sigmoid/ TanH are not really used in feedforward nets
Rel U 1s the standard choice.
Second choilce are the variants of Rel .U or Maxout.

Recurrent nets will require Sigmoid/ TanH or similar



TUTi

Welignht Initialization



How do | start?

Output layer

Input layer
Hidden layer



Initialization is Extremely Important!

x* = argmin f(x)

INnitialization

Not guaranteed to

reach the optimum Optimum

12DL: Prof. Dai



How do | start?

f (Z wix; + b)

w=20

\What happens
to the gradients?

Input layer
Hidden layer

12DL: Prof. Da



All Welights Zero

« What happens to the gradients?

* [he nhidden units are all going to compute the same
function, gradients are going to be the same
— No symmetry breaking



Small Random Numbers

e (Gaussian with zero mean and standard deviation 0.01

o [etssee what happens
— Network with 10 layers with 500 neurons each
— Tanh as activation functions
— Input unit Gaussian data



Small Random Numbers

tanh as activation functions

I2DL: Prof Da

layer 7 layer 8 layer 9

Output goes to zero




Small Random Numbers

R an

—l {230 |I.._ — - -
- Small w} cause small
-0 c0313 T ] ] ; . ’ ' ' Output for {ayer l
/’ ﬁ(ZWilxl-l+bl>zO
- -:}J 2 l
~orward

12DL: Prof Dal



Small Random Numbers

Fven activation function’s small outputs of layer Linput of

gradient is ok, we still have layer I + 1) cause small gradient

vanishing gradient problem w.rttothe weights of layer I + 1.
e fi+1 (Z Wil+1xil+1 + bl+1>

oL AL 0fin oL
17 0fiey owltt T Ofin

i

-xl-l+1 ~ ()

. dw

Vanishing gradient, caused by small output

BACKWAI( G ————————



Big Random Numbers

e (Gaussian with zero mean and standard deviation 1

e [etussee what happens
— Network with 10 layers with 500 neurons each
— Tanh as activation functions
— Input unit Gaussian data



Big Random Numbers

tanh as activation functions

12Dl Prof Da

Output saturated to
-1and 1




Big Random Numbers

Output saturated to -1 and 1.
Gradient of the activation f(s)=f Z wix; + b
i

function becomes close to 0.

/O oL AL of ds

dw; Of Os ow;

~ 0

@,, Vanishing gradient, caused by
saturated activation function.

I2DL: Prof Da



How to solve this?

« \Working on the initialization

« \Working on the output generated by each layer

I2DL: Prof Da



Xavier Initialization

e (Gaussian with zero mean, but wnat standard deviation?

Var(s) = Var (2 WLXL> Z Var(w;x;)

Tips:
Notice: n Is the number of input 2=
E[X?] = Var[X] + E[X]?

neurons for the layer of weights

you want to initialize. This n s not f X, Y are independent!
the number N of input data X € Var[XY] = E[X?Y?] — E[XY]?
RN*D Forthe first layern = D E[XY] = E[X]E[Y]

[Glorot and Bengio, AISTATS10] Xavier Initialization ¢
12DL: Prof



Xavier Initialization

e (Gaussian with zero mean, pbut wnat standard
deviation?

Var(s) = Var (2 Wlxl> Z Var(w;x;)

= E[E(//i)] Var(x;) + E[y/i)] Var(w;) + Var(x)Var(w;)
/ero mean /ero mean

[Glorot and Bengio, AISTATS10] Xavier Initialization



Xavier Initialization

e (Gaussian with zero mean, pbut wnat standard
deviation?

Var(s) = Var (2 WLXL> Z Var(w;x;)

2 [E(w))]2Var(x;) + E[(x)]2Var(w,) + Var(x)Var(w,)

;
z Var(x;)Var(w;) = n(Var(w)Var(x))
4ldentically distributed
(each random variable has the same
distribution)

[Glorot and Bengio, AISTATS10] Xavier Initialization




Xavier Initialization

« How to ensure the variance of the output Is the same
as the input?

Goal:
Var(s) =Var(x) —— n- Var(w)’Var(x) = Var(x)

1

=1

—  Var(w) = -

n. numbper of input neurons

[Glorot and Bengio, AISTATS10] Xavier Inttialization



Xavier Initialization

ftanh as activation functions

Var(w) =

/2

12Dl Prof Da



Xavier Initialization with Rel_U
(Kaiming Initialization)

Var(w) =

-1 0 1 =1 0 1 =1 0 1 =1 ] 1 =1 0 1 =1 0 1 =1 0 1 =1 0 1

aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

RelU kills Half of the Data When using RelLU, output
What's the solution? close to zero again @

12DL: Prof. Da 73



1
Var(w) = = —

Kaiming Initialization with RelLU
2
n/2 " n

DL Prof D3 [He et al, ICCV'15] He Initialization -,



Kaiming Initialization with RelLU

2 't makes a huge differencel
Var(w) = el I i ——

0.95

0.9
S 0.5
w

1 ~
08/ — En,_Var[w,] =1 ours
0751 o AVarlw] =1 Xavier
1
0 1 2 3 4 5 6 7 8 9

Epoch

e Use Rel U and Xavier/2 initialization

2D Prof Da [He et al., ICCV'15] He Initialization



Input layer

Hidden layer

summary

Image Output Layer
Classification

L oss function

Binary Sigmoid
Classification

Binary Cross
entropy

Multiclass Softmax
Classification

Cross entropy

Other Losses:

SVM Loss (Hinge Loss), L1/L2-Loss

Initialization of optimization

- How to set welights at beginning




Next Lecture

o« Next lecture

— More about training neural networks: regularization,
dropout, data augmentation, batch normalization, etc,

— Followed by CNNs



TUTi

See you next week!
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