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Neural Network

« Linear score function f = Wx

plane car bird cat deer dog frog horse ship truck
i

On CIFAR-10

On ImageNet | Credit
I2DL: Prof. Dai Li/Karpathy/Johrson



Neural Network

« Linear score function f = Wx

« Neural network is a nesting of functions
— 2-layers. f = W, max(0, W x)
— 3-layers. f = W5 max(0, W, max(0, Wx))
— 4-layers. f = W, tanh (W3, max(0, W, max(0, W;x)))

— 5-layers. f =
Weo(W ,tanh(W 3, max(0, W, max(0,Wx))))

— .. Up to hundreds of layers

12D Prof. Dai



Neural Network

Output layer

Input layer
Hidden layer

Credit: Li/Karpathy/Johnson
12DL: Prof, Dal 5



{L

Width

[2DL: Prof, Dal

Input Layer

Neural Network

Hidden Layer 1 Hidden Layer 2 Hidden Layer 3
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Activation Functions

Sigmoid: a(x) =

0.8

(1+e_x) 0.5/

ot
ré [

"y

1
—10

tanh: tanh(x)

-5

1oF

osf/

—10

RelLU: max(0, x)

I2DL: Prof. Dal -ip

eaky RelLU: max(0.1x, x)

Parametric ReLU: max(ax, x)
Maxout max(wix + by, wlx + b,)

x ifx>0
LU f(x) = {a(ex —1) ifx<0



L oss Functions

« Measure the goodness of the predictions (or
equivalently, the network's performance)

» Regression loss
+ L1loss L(,3;0) ==~ 37lly; - 9ill,
» MSE loss L(y,;0) =~y — 9l

o (Classification loss (for multi-class classification)
- Cross Entropy loss E(y, 7;0) = — X1 Yk=1Vik- 10g Pix)

12D Prof. Dai



Computational Graphs

* Neural network is a computational graph
— |t has compute nodes O O

— It has edges that connect nodes @ @
— [t Is directional 8 -

— ltis organized in 'layers M

12DL: Prof, Dal




Backprop
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The Importance of Gradients

« Our optimization schemes are based on computing

gradients
VoL (6)

« One can compute gradients analytically but what if
our function is too complex?

« Break down gradient computation Backpropagation

Done by many people before, but often credited to Rumelhart 1086
I2DL: Prof. Dai 11



Backprop: Forward Pass

c fx,y,z2) =(x+y)- z

Initializationx =1,y = =3,z =4

[2DL: Prof, Dal



fx,y,2) =(x+y)- z
withx=1,y=-3,z=4

d=x+y
f=d-z
What Is

12DL: Prof, Dal

od _ 4 0d _

ox oy

of _ _ of _

ad_Z’az_d
a_fa_fa_f?
ay 0z

Backward Pass

Backprop:

13



Backprop: Backward Pass

fx,y,2) =(x+y)- z
withx=1,y=-3,z=4

ad ad
d=x+y Pl ,5—1
— . o _ , 9 _
f=d-z ad_Z’az_d
of
of

What ISa—f or a—f’?
"0y’ 0z

12DL: Prof, Dal 14



Backprop: Backward Pass

fx,y,2) =(x+y)- z
withx=1,y=-3,z=4

ad ad
d=x+y a= £=1
_ 4. of _ |9f _
f=d-z ad_Z'az_d
af
af of 0 0z
\></hat|s—f—f—f?
"0y’ 0z

15
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Backprop: Backward Pass

fx,y,2) =(x+y)- z
withx=1,y=-3,z=4

d=x+y Z—Z=1,Z—i=1
—2
of of
f=d°Z £=Z£=d
\></hat|sa—fa—fa—f?
"0y’ 0z

16
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Backprop: Backward Pass

fx,y,2) =(x+y)- z
withx=1,y=-3,z=4

d=x+y Z—Z=1,Z—i=1
—2
of of
=d-z — =z —=d
4 od 0z Chain Rule: T:
6f_6f dad @
\X/hat |Sa_f a_f a_f’) ay ad ay
"0y’ 0z af

=4-1=4

2DL: Prof. Dal ay 17



Backprop: Backward Pass

fx,y,2) =(x+y)- z
withx=1,y=-3,z=4

d=x+y Z—Z=1,Z—i=1
—2
of of
=d-z — =z —=d
4 od 0z Chain Rule: T
6f_6f dad Ix
\X/hat |Sa_f a_f a_f’) ay ad ay
"0y’ 0z af

=4-1=4

2DL: Prof. Dai ax 18



Compute Graphs -> Neural Networks

* X INput variables
* Wpmn Network weights (note 3 indices)

- Lwhich layer
- m which neuron in layer
- n which weight in neuron

e ¥, computed output (i output dim: nyqye)
* y; ground truth targets
« L loss function

12D Prof. Dai



Compute Graphs -> Neural Networks

Input layer Output layer
|

0 i é_‘l_oss/
@ Yo é_’ ~ cost
I

INnput Weights L2 Loss
(Unknowns!) function

eg. class label/
regression target

[2DL: Prof, Dal 20



Compute Graphs -> Neural Networks

Input layer Output layer

l_‘_\ [ A 1
L0oss/
X0
cost
Yo ‘ Y '
X1 | RelLU Activation
INnput Welghts  (not arguing this L2 Loss
(UNnknowns!) s the right choice here) function

—
eq. class label/ We want to compute gradients w.rt. all weights W

regression target

[2DL: Prof, Dal 21



Compute Grap

Input layer

[2DL: Prof, Dal

4
A\,
DS

N

Output layer
A

‘ @

Yo

V1

Y2

NS -> Neural Networks

| 0SS/
Ccost

| 0ss/
COSt

| 0SS/
COSt

\We want to compute gradients writ. all weights W
22



|

Compute Graphs -> Neural Networks

Input layer Output layer

X0

N

12D Prof. Dai

Yo

9i = Albi + ) 1wy
SN E

Activation bias

function

Goal: We want to compute gradients of
the loss function L wrt. all weights W

L—zL

L. sum over 0ss per sample, e.g.
L2 loss — simply sum up squares:

Ly =@ —y)*
— use chain rule to compute partials
dL  dL 0y,
owi  0y; Owgy

We want to compute gradients w.rt,
all weights W all biases b

23



NNs as Com

« We can express any
computational graph

12DL: Prof, Dal

outational Graphs

KInd of functions in a
1

. @-9- f(W, x) — 1+e—(b+w0xo+w1x1)

Sigmoid function

1
o(x) = 1+e>

-8—-@—-6-9

24



NNs as Computational Graphs

1
* f(w’ x) — 1+e—(b+w0x0+w1x1)

1:6_1:60'3‘761'3760'73

12DL: Prof, Dal



NNs as Computational Graphs

1 1 09

1
* f(w) x) — 1+e—(b+w0x0+w1x1) g(x) B ; = g_x _F
go(X)=a+x= a—i=1
- X a_g X
gx)=e = 3" =e
— °9
Jo(X) =ax = =
1
13z = 053
Ly
—0.53

12DL: Prof, Dal
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NNs as Computational Graphs

1

f(w’ x) = 1+e—(b+w0x0+w1x1)

1 0 1
go=1 =5%--2

v Av v 2

go(X)=a+x= 99 _ 4

0x
0
glx) =e* = % = e*
_ 99 _
go(x) =ax = =

—0.53-1=-0.53

1:6_1:60'3‘7 1.37

12DL: Prof, Dal

0.73

—0.53 —0.53 1

2/




NNs as Computational Graphs

_ 1 _1 o9 _ _ 1
* f(w’ x) _ 1+e—(b+w0x0+w1x1) g(X) T x gx x?2
JgaX)=a+x= ;—1
_ _x 99 _
gx)=e = = e*
_ 99 _
Jo(X) =ax = =

12DL: Prof, Dal

—0.53-e71 =-0.2

1 6—1 GO 3761 3760 73

—0.2 —-0.53

—0.53

28



NNs as Computational Graphs

_ 1 _1 og _ _ 1
* f(w) x) _ 1+e—(b+WOxO+W1x1) g(X) T ox = gx N x2
go(X)=a+x= a—i=1
- X a_g X
gx)=e = gx =e
— °9
Jo(X) =ax = =

1 G— GO 3761 3760 73

—0.53 —0.53

12DL: Prof, Dal 29



NNs as Computational Graphs

( ) = 1 (x) =2 99 _ _1
f W’x Bl 1+e—(b+w0x0+w1x1) g\x) = b gx_ x2
go(X)=a+x= =1
7

- X 99 _ _«x

gx)=e =>gx—e

_ 99 _

Jo(X) =ax = =

1 G GO 3761 37@0 73

—-0.2 —-0.53 -0.53

12DL: Prof, Dal 30
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Gradient Descent
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Gradient Descent

x* = argmin f(x)

Initialization

Optimum

12DL: Prof, Dal



Gradient Descent

* From derivative to gradient Direction of
greatest increase
df (x)

of the function
dx

Vef (x)

« Cradient steps in direction of negative gradient

Vif (x)
x'=x—aV.f(x)

\

L earning rate

12D Prof. Dai



Gradient Descent for Neural Networks

Hidden Layer 1 Hidden Layer 2 Hidden Layer 3
Input Layer
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Gradient Descent for Neural Networks

For a given training pair {x, y}, we want to update all
welights, l.e., we need to compute the derivatives w.rt. to
all weights:

0
f Input Layer Hidden Layer1  Hidden Layer2  Hidden Layer 3
OWg 0,0 . o For ot 0O
— - Q- S Output Layer
Vwixy (W) = O Q :

of > -
Z .

LOWimn. e v

Gradient step. &

Wi=W = aVwliyW) [ Layers

l2DL: Prof. Dal 35



NNs can

Become Quite Complex..

* [hese graphs can be huge!

Comvolution
AvgPoal
MaxPool
Concat

@ Dropout

@ Fully connected

B Softmax

12DL: Prof, Dal

[Szegedy et al,CVPR'15] Going Deeper with Convolutions
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The Flow of the Gradients

« Many many many many of these nodes form a neural
network

NEURONS

e Fach one has its own work to do
FORWARD AND BACKWARD PASS

12DL: Prof, Dal 37



The Flow of the Gradients

oL B dL 0z
X dx 0z0x
- 0z
S % z=J6y)
= 0z <
<(E) 0% 3_2
y

Activation function

12DL: Prof, Dal 38



Gradient Descent for Neural Networks

L 0ss function
Ly = (@; — y)*

output layer

yi=A(by,; + Z hjwy ;)
J

input layer

hidden layer

| Just simple:
h] = A(bO,] + Z kaO,j,k) p
k

A(x) = max(0, x)

l2DL: Prof. Dal 39



Gradient Descent for Neural Networks
Backpropagation

oL /oL /3%,
owy;; \0y;/\ 0wy

output layer

input layer aLi
hidden layer 35 7 2(¥1 —yi)
Vi
hj = A(bo,j + Z XkWo,j k) i _ hj if>0 elseo
A an’i’j

oL aL 8y, Oh
aWO’j’k 6371 ah] 6W0,j,k

Vi =A(by; + z hjwy ;)
j

Just go through layer by layer

Li = @; —y)?

12D Prof. Dai
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Gradient Descent for Neural Networks

How many unknown weignts?

« Qutput layer: 2 -4 +

input layer e Hidden I_ayer: -3+

hidden layer

- #input channels +
K

N Note that some activations
Vi = Alby; + z hiws,i,j) have also weights
J

Li = @; —y)?

12DL: Prof. Dai 41



Derivatives of Cross Entropy Loss

Gradients of weights of last layer:

aSi

4_,% oL _|dL] [0y
< aW]l B 6)’71 aSi

ale’

output layer oL = i + 1= = Vi~ i
input layer ayi 5;1' 1_371' }71'(1—571')’
hidden layer a)’;i ~ _
Binary Cross Entropy loss 35| = (1 -3,
Nout
~ ” ds;
L=— ) Orlog@) + (1 - y)log(1 - 9)) Ly
i=11 Wi
Vi = =, Si= Z hjwij; oL ) oL
Lte j = =@i—ydhy, ==V — Vi
aW'i aSi
output scores J

[2DL: Prof, Dai




Derivatives of Cross Entropy Loss

Gradients of welights of first layer:

Nout Nout Nout

dL dL dy; 0Sj Z oL _ (1—9) Z(A )
_ = o —A y. — y W.. - y — y. W..
6hj e ayl aS] 6hj ayl ' e = ' H

i=1

oL | | oL as;\on; ’f‘:“ ) (o)
aSjl — L Os; ahj 9sl . (Vi yl)W]l\ i j )
1=1 ] i=1

oL Nout oL 651 Nout
— i ] S - . s

i=1

12D Prof. Dai
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Back to Compute Graphs & NNs

A
INputs x and targets y PN

Two-layer NN for P
regression with RelLU
activation

Function we want to
optimize:

n
> llwpmax(0, wyxy) — yili
=1

l2DL: Prof. Dal 44



Gradient Descent for Neural Networks

Initializex =1, y =0,

1 —
W1—§,W2—2

W[ =

~ 1 ~
Ly, 0) =X 19 — yill3

INn our case n,d = 1

R oL R
L=@-y)° 25;=20-
J=w,-0 =2L-g Backpropagation
W2 oL 0L 09

ow, 89 ow,

12DL: Prof, Dal
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Gradient Descent for Neural Networks

Initializex =1, y =0,

1 —
W1—§,W2—2

~ 1 ~
Ly, 0) =X 19 — yill3

INn our case n,d = 1

R oL .
L=0@-y7* =|5;=20 -]
f=w,-0 >-2L=g¢g Backpropagation
W2 oL 0L 09
ow, 0y ow,
22

12DL: Prof, Dal
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Gradient Descent for Neural Networks

Initializex =1, y =0,

1 —
W1—§,W2—2

L(y,5;0) =~ 37 19; — ¥il13
In our case n,d = 1.
L=(-y)? =>==20-y)
f=w,-0 = :_vfz _ 5 Backpropagation
oL B 0L. ay
dw, 0y Jw,
2 % %

12DL: Prof, Dal 47
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Gradient Descent for Neural Networks

Initializex =1, y =0,

1 —
W1—§,W2—2

Inour casen,d = 1

A oL A
L=@-y)* =5;=20-
UV — . = Q —
Yy=WwWy-°0 90 = W,
o = max(0,z) = 99 _ {1 ifx >0 Backpropagation
” 0else oL 9L 89y 9o 0z
Z=Xx'W; :a—vfl=x ow, 09 0o 0z ow,

12DL: Prof, Dal 48



Gradient Descent for Neural Networks

Initializex =1, y =0,
W, = %, W, = 2

Inour casen,d = 1
oL

— (5 — 2 vL S A
L=@-»° =l5;=20-Y]
V = . :)d—yzw
y=Wz0 90 2
o = max(0,z) = 99 _ {1 ifx >0 Backpropagation
” 0else oL 9L 89y 9o 0z
Z=Xx'W; :a—vfl=x ow, 09 0o 0z ow,
2
2'§

12DL: Prof, Dal 49



Gradient Descent for Neural Networks

Initializex =1, y =0,

1
W, = 3,W2 =2

Inour casen,d = 1

L=@-y)? :>——2(y )
ay

y=wy-0 Sl5o =W,

o = max(0, z) =>aaiz= {1 i)f’eCI:eO Ef?ickprgfag;ti%na .

Z=Xx-W :aa—vfl=x awlzay'aa'az'awl
2:2 -2

12DL: Prof, Dal 50
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Gradient Descent for Neural Networks

Initializex =1, y =0,

1 —
W1—§,W2—2

Inour casen,d = 1

" oL "
L=@-y)* =5;=20-
~ y _
Yy=WwWy-°0 ﬁaﬂ—Wz
O‘:max(o,z)za—az Lifx >0 Backpropagation
0z 0 else oL 9L 89y 9o 0z
Z=Xx-W :;—;l:x ow, 09 0o 0z ow,
2
2-2.2 -1

l2DL: Prof. Dai 51
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Gradient Descent for Neural Networks

Initializex =1, y =0,

1 —
W1—§,W2—2

Inour casen,d = 1

A oL A
L=@-y)* =5;=20-
UV — . :Q—
Yy=WwWy-°0 ao_—Wz
o = max(0,z) = 99 _ {1 ifx >0 Backpropagation
i 0else oL 9L 89y 9o 0z
Z=Xx'W; :a—vfl=x ow, 09 0o 0z ow,

2 .
2:2.2 -1 -1

l2DL: Prof. Dai 52
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Gradient Descent for Neural Networks

e Function we wantto 1
optimize:

1

3

FOow) = ) llwymax(0,wix) = %ill3 s
i=1 3

« Computed gradients wrt
to welghts wyand w,
« Now: update the welights

wo=w—anf = (") - a-<VW1f> But: how to choose a
2 Y,/ good learning rate a ?

12DL: Prof, Dal



Gradient Descent

How to pick good learning rate?

How to compute gradient for single training pair?

How to compute gradient for large training set?

How to speed things up? More to see in next
lectures..

12D Prof. Dai



Regularization

[2DL: Prof, Dal



Recap: Basic Recipe for ML

« Split your data

00% 207% 207%

train validation

\ J
!

Find your hyperparameters

Other splits are also possible (e.g., 80%/10%/10%)

I2DL: Prof. Dai 56



Over- and Underfitting

-------
..........

Underﬁttéd Appropriate Overfitted

Source: Deep Learning by Adam Gibson, Josh Patterson, O'Reily Media Inc., 2017

12DL: Prof, Dal 57



Over- and Underfitting

ML Engineers looking at their classification
model running on the test set.

Underfitted Overfitted

bily Media Inc., 2017

12D Prof. Dai



Training a Neural Network

 Training/ Validation curve

.( HOW can we

Error

thh
\

- - Traif Prevent our model
Underfitting zone| Overfitting zone Cene

from overfitting?

Training error | Generalization

gﬁp iS J[OO bg”/

—

el

\,

~\

J

Regularization

Generalization gap

0

12D Prof. Dai

Optimal Capacity
Capacity

Credits: Deep Learning. Goodfellow et al

59



Regularization

« Loss function L(y,9,0) = Y™, (9; — y:)?

« Regularization technigues
— L2 regularization | Add regularization
— L1 regularization term to loss function
- Max norm regularization
— Dropout
— Early stopping

12DL: Prof. Dai



Regularization

« Loss function L(y,y,0) = Y1, (9; — yi)* + AR(0)

« Regularization technigues
— L2 regularization | Add regularization
— L1 regularization term to loss function
- Max norm regularization
— Dropout
— Early stopping

More details later

12DL: Prof. Dai



Regularization: Example

INnput: 3 features x =[1, 2,1]

Two linear classifiers that give the same result:

+ 6,=10,0.75,0] — Ignores 2 features

. 6, = [0.25,0.5,0.25] —— Takes information
from all features

12D Prof. Dai



Regularization: Example

R 2
* LossL(y,5,0) =Y (%6 — ;)
n
. L2 regularization R(0) = 2 07
i=1

9, —> 0+ 0.752 + 0 = 0.5625

+ AR(9)

6, —> 0.25% + 0.5% + 0.25% =/0.375| Minimization

x =[1,2,1],6, = [0,0.75,0],8, = [0.25,0.5, 0.25]

12D Prof. Dai



Regularization: Example

~ 2
+ LossL(y,9,0) = X7, (%6 — yi) |+ AR(6)

n
« L1regularization R(0) = z|0i|
i=1

0; —> 04+ 0.75 4+ 0 =|0.75| Minimization
6, —> 025+ 05+ 0.25=1

x =[1,2,1],6, = [0,0.75,0],8, = [0.25,0.5, 0.25]

12D Prof. Dai



Regularization: Example

INnput: 3 features x =[1, 2,1]

Two linear classifiers that give the same result:

+ 6,=10,0.75,0] — Ignores 2 features

. 6, = [0.25,0.5,0.25] —— Takes information
from all features

12D Prof. Dai



Regularization: Example

INnput: 3 features x =[1, 2,1]

Two linear classifiers that give the same result:

. 6, = [0,0.75,0] L1 regutarizatio.n
enforces sparsity

. 6, = [0.25,0.5,0.25] —— L2 regularization
enforces that the weights

have similar values

12D Prof. Dai



Regularization;

—ffect

« Dog classifier takes different inputs

Furry \

Has a tail

Has two ears

12DL: Prof, Dal

Hastwoeyes|— ™ 4o e

Has paws 7

L1 regularization
will focus all the
attention to a

few key features

67



Regularization: Effect

« Dog classifier takes different inputs

Furry ~
L2 regularization

will take all
iNnformation into
account to make
decisions

Has two eyes
Hasatall —

Has paws —

Has two ears

12DL: Prof, Dal 68



Regularization for Neural Networks

Combining nodes:
Network output + [L2-loss +

n
ko > lwzma(0, wyxp) = yillg + 170w, 0,)
regularization

i=1

[2DL: Prof. Dai 69



Regularization for Neural Networks

Combining nodes:

n
Network output + L2-loss + Z”wzmax(O, wix;) — yills + 1 ” (xl) ”
regularization i=1 2

2

2

[2DL: Prof, Dal 70



Regularization for Neural Networks

Combining nodes:
Network output + [L2-loss +

n
ko > llwamax(0, wyx;) = il + 10w + w7
regularization

i=1

[2DL: Prof, Dal 71



Regularization

Regularization = 0.00001 = 0.001

Decision
Boundary

Credit: University of Washington

What happens to the training error?
What Is the goal of regularization?

12DL: Prof, Dal 72



Regularization

« Any strategy that aims to

Increasing
training error
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Next Lecture

e T[his week:
— Check exercises!
— Check piazza / post questions ©

« Next lecture
— Optimization of Neural Networks
— In particular, introduction to SGD (our main method!)
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TUTi

See you next week ©
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Further Reading

« Backpropagation
— Chapter 65651 -053) N
http.//www.deeplearningbook.org/contents/mip.htmil
— Chapter 5.3 in Bishop, Pattern Recognition and Machine Learning
— http.//cse3ingithub.io/optimization-2/

« Regularization

— Chapter 71(esp. 711 & 7.1.2)
Nttp://www.deeplearningbook.org/contents/regularization.ntml

— Chapter 55 in Bishop, Pattern Recognition and Machine Learning
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http://www.deeplearningbook.org/contents/mlp.html
http://cs231n.github.io/optimization-2/
http://www.deeplearningbook.org/contents/regularization.html

