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Exercise 2: Math Background (Solution)

1 Linear algebra

a) A€ RMXN B c RMXM ¢ ¢ RN D e R,

b) f($) = Zz 1 Z =1 xl$]Mz] = Z =17 Z§V21 :EjMij = Zivzl :L‘Z(M ) 33)1 =z Mz.

¢) Proof: Consider ||u — v||?, we have:
|u—v|* = (u —v,u —v)
- <u7u> - <’U,,’U> - <'U,’U,> + <’U,’U>
= [[ul® = 2(u, v) + [|v|?

=0
Hence, u = v.
2 Linear Least Square
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ox1
0f(x)
a) By definition of the gradient, we need to determine Vg f(x) = 69‘1:2 . For 1 <k <n, we
o1(x)
OTn
have
of (x) "0 -
bix; — (bixi) = ) Oibi = by.
duy, axk<; :”> ga i) ; Kok
0 ifidti
The Kronecker delta is defined as follows: ¢;; = {1 ?f l 7 ‘7
if i = j.
of (x
8g§1) b1
of () by
Hence, we obtain V, f(x) = 83_”2 =|.|=b
0f () b
0Tn



b) To determine the gradient of the function f(x) = x' Ax, where A is a symmetric matrix in
S,, we can use the definition of the gradient:

Vaf() = of of oL

Ox1’ Oxs’ " Oz,

We start by computing the partial derivative of f with respect to z;.

x! x
of 0 (" - (Ax)) = oz (Az) + ' - d(Az)

= ZAijacj + ZAijxj = 22141']'.%‘]' = 2(14:}!2)Z
J J J

=e; - (Az) +x' - Ae;

where e; is the standard basis vector in the i’th direction (1 at the ¢’th, and all other entries
are 0’s).

Thus, the gradient of f is:

of (z)
ox

= [2(Az)1,2(Ax)y, ..., 2(Ax),] = 24z

Therefore, the gradient of the quadratic function f(x) = ' Ax is % =2Ax.

c) Let us first rewrite the expression:

f(®) = | Az — b||3
= (Az—b)' (Az —b)
= ((Az)" —b")(Axz — b)
= (SBTAT — bT)(A.’L' —b)
—ax'ATAx —2"ATb—b"Ax+b'b
—ax"ATAx —2c"ATb+b"b.

Note that €T ATb = b' Az, because both result with a scalar. Since if s € R — s = s —
x'ATb=(z"ATD)" =b" Az.

Thus, by using part a) — 8%% =band b) — 8‘””;% = 2Ax, we obtain:

Vef(@) =Va(x' ATAz —22"ATb+b'0) =V, ' AT Az — V22" ATb+0
=2AT Az —2ATb=2AT (Ax —b)



3 Calculus - derivatives

a) The derivatives are:

o fi@) =@ e+ 12 =2t o+ ) b ar1) =200t o+ )32 4+ 1)

. f/($) _ 8292—1 /: (62171)’(621+1)7(62171)(62z+1)/ _ 2€2I(621+1)7(62z71)2621 _ 4823:
2 62m+1 (e2m+1)2 (62m+1)2 (62m+1)2

.« f3(z) =

= [~ 2)log1 — )]
=log(l—z) - (1—2z)+(1—=2)-log'(1—2x)

Ologly) oy _

= —log(l —x)+ (1 —x) Dy D

—log(l—z)+(1—x)-

1_x~(17x)’

=—log(l—z)—1

b) The gradients are:
» V=g (dl2l3) = 5 (3eT2) = & (327 x) = § - 20r =x

_1 9z’ _1
¢ Vs = g (Yall) = & (3vaTz) = - daTa)E M = 4 Y@ Ta) 2l =

Note that for f5, the gradient is not defined for & = 0.

¢) The Jacobians are:

[of1  ofr
g, o dp | cos(p) —rsin(p)
Jo ofs Ofs sin(¢)  rcos(p)
L Or dp
[ —rsint
* Jn= af| [rcost]
| Ot

d) The divergences are:
o divfy =22+ % =0

o divfo=52+ 5 =2



4 Sigmoid derivative

a)
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5 Softmax derivative

5.1 1st approach - two cases

When deriving o(z) with respect to z, there are n x n partial derivates but we notice that they reduce
to only two distinct kinds:

o §; =0(z); wr.t z;. For example, deriving Z; w.r.t z1. (21 appears both in the nominator
k=1

and in the denominator)

Z1

e Ui = o(z); wrt z;,i # j. For example, deriving 267 w.r.t zo (2o appears only in the

*k

denominator).

We first derive the first kind:

09 ( e ) 102 €% Y g e —efi et et (Y etk —ef)
Oz Zk 1 €%k ' (22:1 ek ) (3 k=1 ) (Xk=1 €%) (D f=y %)

e e e T (> =) B TR(E
- 2 — Y 1) -
(X k=1 ezk) (X k=1 €7*) > k=1 €%k

In the last and second to last equality, we used a trick, or the observation, that we can express these
terms in means of §. In a similar fashion, we derive the second kind:

0

Ui e M— e - e €% e
Y _ g ( ) /02 1 - : 5

azj Zk 1€ (Zk 1€Zk) (Zk:l ezk) - (Zzzl ezk) (2221 ezk) = —YiYj-

In conclusion, the partial derivatives of the softmax layer § = o(z) with respect to its input z are
given by:

5.2 2nd approach - solve all in one!

A nice trick to solve both cases in one. First, we derive:

9log(g:) _ 1 99

aZj ,@z (92’]'
Therefore:
09 1 0j; dlog(§:) 9 e 0 -
_a L DN — 09 _ 0% .
0n = Gy, U g, = dig, los(sm ) =i la Og(kz::le )]
A 1 z A A
= §i(di; ST o 7) = 9i(0ij — 9j)

ot



With

=1 i=j
0y =0 i#]



6 Probability

a) We use the definition of the variance, namely
Var(X) = E[X?] — E[X]? (1)

and equivalently,
E[X?] = Var(X) + E[X]% (2)

Since X, Y ~ N(0,0?), we are given that E[X] = E[Y] = 0. With these observations, we obtain

var(XY) 2 E[X2V?] - E[XY]?
“ EIX2E[Y?] - E[X]2E[Y]?
& (Var(X) + E[X]?) (Var(Y) + E[Y]?) - E[X]E[Y]?
= Var(X)Var(Y) + Var(X) E[Y]? +Var(Y) E[X]?
=0 =0
= Var(X)Var(Y)

(*)X,Y are independent.

b) We use the properties of the expectation and the variance of a random variable. For the mean
of Z, we observe:

X —
E[Z] = E { K }
o
1
=—E[X — ]
o
1
= - (EIX] - E[)
1
T o (1 —p)
=0
For the variance, remember that:
X —
Var { )
o

== [])]

K (X—M_E[X]—M)]

= LE[(X ~E[X]
= i02 =1
0.2

Observe that E [(X — E[X])?] = Var[X] = ¢%. In summary, we conclude that Z ~ N(0,1).



